We apply the counterterm subtraction technique to calculate the action and other quantities for the Kerr-AdS black hole in five dimensions using two boundary metrics; the Einstein universe and rotating Einstein universe with arbitrary angular velocity. In both cases, the resulting thermodynamic quantities satisfy the first law of thermodynamics. We point out that the reason for the violation of the first law in previous calculations is that the rotating Einstein universe, used as a boundary metric, was rotating with an angular velocity that depends on the black hole rotation parameter. Using a new coordinate system with a boundary metric that has an arbitrary angular velocity, one can show that the resulting physical quantities satisfy the first law. [12, 4, 10] , they showed that their quantities obey the first law of thermodynamics, while the quantities produced by some previous calculations, including those using counterterm method, do not obey the first law. This gave the impression that the counterterm technique did not produce the correct thermodynamical quantities for these Kerr-AdS solutions. In this article we show that using the standard counterterm calculation (i.e., without adding any new counterterms) for the Kerr-AdS 5 case, one can produce physical quantities that satisfy the first law of thermodynamics. Here we take the boundary metric to be the non-rotating Einstein universe, similar to [5] . One should notice that the boundary metric chosen here is not the one used in [15, 10] . In this case the thermodynamic quantities did not seem to satisfy the first law, i.e.,
Introduction
and action, depend on the chosen boundary metric. But, we known how these quantities change upon going from one boundary metric to another in the same conformal class. This should not affect the validity of the first law. In [9] Papadimitrious and Skenderis have formulated a variational problem for AdS gravity with Dirichlet boundary conditions. Their formulation naturally reproduces the known counterterms that leave the AdS action finite. Furthermore, they were able to show that all asymptotically locally AdS black holes satisfy the first law. Here, we discuss the particular case of Kerr-AdS 5 and ask the question; What went wrong in choosing the rotating Einstein universe (REU) as a boundary in [15, 10] calculations? We show that the reason for the violation of the first law is not that the REU was chosen as boundary metric but that it was rotating with an angular velocity, Ω ∞ = −a/l 2 , that depends on the black hole rotation parameter, a. The boundary angular velocity can be interpreted as that of an observer, or a rotating gas, at infinity which does not have to dependent on the black hole parameters. Working with a new coordinate system for Kerr-AdS 5 with arbitrary angular velocity at infinity, one can show that the relevant physical quantities satisfy the first law. Another interesting consequence of using the new coordinate system/boundary is that the first law is satisfied whether we used the energy associated with ∂ t or ∂ t + Ω ∞ ∂ φ . This leads to the conclusion that in the counterterm method angular velocities, or other quantities, associated with a boundary metric should be independent from the black hole parameters, otherwise, the first law might be violated. It is interesting to notice that if we allow the angular velocity to vary this will lead to an additional term in the first law due to a surface tension on the boundary. The surface tension is nothing but the Casimir pressure in the boundary theory. We show that the existence of such a pressure will not affect the stability of the system since its compressibility is non-negative.
Counterterms and Gravitational Actions
The AdS/CFT duality states that
where φ is a bulk field and φ o is its value on the boundary. If φ = g is the metric on AdS and φ o = γ is its value on the boundary, then O = T µν is the energy momentum tensor of the boundary field theory. In the low energy limit, we have
i.e., AdS gravitational action acts as the effective CFT action. The gravity action for asymptotically anti-de-Sitter space M, with boundary ∂M [30] is given by,
Where, Λ=−n(n−1)/2l 2 is the cosmological constant and the second term is the Gibbons-Hawking boundary term. h ab is the induced metric on the boundary and K is the trace of the extrinsic curvature K ab of the boundary. Since asymptotically AdS spacetimes have infinite volumes, this action diverges unless one uses some regularization method. The most commonly used regularization techniques are: i) the background subtraction technique and ii) the counterterm subtraction technique. The background subtraction technique utilizes the fact that divergent contributions in the AAdS space action is due to the asymptotic region (i.e., where r → ∞). Therefore, one can obtain a finite action by subtracting the AdS space action from the AAdS action. The main problem with such a technique is that any physics common between the two manifolds cancels out and will not be carried by the resulting finite action. For example, physical quantities on the gravity side dual to Casimir energy and conformal anomaly vanish on the gravity side upon using the background subtraction method. On the other hand if one calculates such quantities on the field theory side, one obtains non-vanishing expressions. This creates a clear mismatch between the two sides of the duality, since this piece of action carries important information about the strongly coupled CFT on the boundary. The counterterm subtraction technique uses the fact that divergent contributions to the AAdS gravitational actions can be written as surface terms that depend on the metric h and its covariant derivatives [2] . By calculating these expressions and using them as counterterms one can define a finite gravitational action [21] .
Here R and R ab are the Ricci scalar and tensor for h. Using these counterterms one can construct a divergence-free stress-energy tensor al'a Brown and York from the finite action I=I bulk +I surf +I ct by defining (see Ref. [26] for more details):
We will be interested in using this stress tensor to calculate conserved quantities for AdS solutions, specifically the total energy and angular momentum of kerr-AdS 5 solution. The Brown-York conserved charge is given by [26] :
where ξ is a Killing vector and u µ =−N t, µ , while N and σ are the lapse function and the space-like metric which appear in the ADM-like decomposition of the boundary metric
It is worth mentioning that the metric restricted to the boundary, h ab , diverges due to the infinite conformal factor that depends on a radial coordinate that we might call r. One can have a well defined boundary metric γ as
where Ω is some positive function with first order pole in r. This defines a conformal structure on the boundary [2] rather than a specific boundary metric i.e., a class of boundary metrics for a specific AdS solution which are related by conformal transformations. As we stressed in the introduction, this puts all possible metrics in a given conformal class on equal footing. In principle, one can use any of them to calculate the action and conserved quantities of a given AdS solutions up to pieces dual to CFT conformal anomalies and Casimir energies which should not affect the thermodynamic properties of such a solution.
As a consequence of the counterterm subtraction technique one can relate the field theory's energy momentum tensor predicted by the duality T ab and the CFT energy momentum tensor [27] :
3 The General Five-Dimensional Kerr-AdS Solution
The five-dimensional Kerr-AdS 5 solution was first introduced by Hawking,
Hunter and Taylor-Robinson [4] , where they discussed its relevance to the AdS/CFT correspondence. In addition to mass parameter M and AdS radius l, this solution has two rotation parameters (a, b). The metric in BoyerLindquest-type coordinates has the following form
where
The inverse temperature, computed by requiring regularity of the Euclidean section, is given by:
while the area of the horizon is
In these coordinates the angular velocities on the horizon have the form:
One of the features of the Kerr-AdS solution in Boyer-Lindquest coordinates is the non-vanishing angular velocities Ω
and ψ directions at spatial infinity. This is in contrast to the asymptotically flat Kerr solutions case which has a vanishing Ω ∞ . It implies that observers at spatial infinity associated with this coordinate system are not co-rotating with the freely falling gas at infinity as in the asymptotically flat Kerr case.
Notice the dependence of the angular velocities at infinity on the angular parameters of the black holes. In principle, an observer or a gas at infinity can have any angular velocity, it does not have to be related to the rotation parameters of the black hole. We are going to realize the importance of such a simple observation when we discuss the first law.
Previous Calculations
In previous calculations [15, 10] the counterterm method has been used to calculate the action, stress tensor and conserved charges of Kerr-AdS 5 (for a similar calculation but using different time-like killing vector please see [9] ). In this calculation the induced metric on the boundary is defined as the hypersurface at r → ∞, where r is the radial coordinate in the above BoyerLindquest-type form of the Kerr-AdS 5 solution. Therefore, it was natural to choose the boundary on which the dual field lives to be
(16) We are going to refere to this boundary as the rotating Einstein universe (REU). Calculating the total energy and angular momentum one obtains the following expressions:
and
The action is given by
The above physical quantities satisfy the following thermodynamic relation
The general variation of the total energy expressions can not be put in the form of the first law
Kerr-AdS 5 Revisited
Another natural conformal boundary for the Kerr-AdS solution is the Einstein universe (EU)
This metric is the hypersurface at y → ∞ for any asymptotically AdS solution in global coordinates, with y as a radial coordinate. Performing the following coordinate transformations [14] Ξ a y 2 sin
the Kerr-AdS 5 solution (11) take the following form, which is manifestly asymptotic to AdS spacetime [30] ;
In this coordinate system and other coordinate systems used in this paper, we are going to keep the thermodynamic quantities as a function of the outer horizon radius, r + , in the Boyer-Lindquest-type coordinates in order to compare different expressions obtained using different boundary metrics. Using counterterms to calculate the action and total energy for Kerr-AdS 5 in these coordinates with the Einstein universe as our boundary metric, one gets the following
The angular momenta are the same as in (18) . The above quantities satisfy the following thermodynamic relation
Also, they satisfy the first law
It is worth mentioning that the same coordinate system has been considered in a background method calculation used by Gibbons, Perry and Pope [5] to produce the action and other physical quantities for Kerr-AdS D . Their expressions satisfy the above statistical relation (20) and the first law (1). In a more recent work [7] the same authors considered the vacuum energy of a Kerr-AdS 5 black hole and argued that it is the same as that of AdS space (i.e., E c = 3π l 2 32G
). As we have discussed in section 2 counterterms can be used to obtain the same consistent results produced by the background method. Furthermore, it produces the correct quantities dual to the Casimir energy or the conformal anomaly on the field theory side. As we have mentioned earlier, the boundary field theory lives on Einstein Universe (22) . Using results of field theory on the Einstein universe (See for example [29] ), one can check that the Casimir energy and conformal anomaly for the boundary field theory match that calculated using the counterterm method. The Casimir energy is given by
and the trace anomaly vanishes on both sides
4 The First Law, Counter-terms and KerrAdS 5
We would like to discuss the first law for Kerr-AdS 5 upon using the REU in (16) as a boundary metric and write an expression for the variation of the total energy in terms of the relevant thermodynamic parameters. It is important to remind the reader that the simple form of the first law is due to thermodynamic quantities that were measured by an observer at rest relative to a free thermal gas at infinity. For example, the total energy of the Schwarzschild or Kerr black hole calculated using the ADM mass is the energy measured by an observer at rest relative to the hole at infinity. Obviously, a non-inertial observer measures different energy due to non-inertial forces that might appear in his frame. Concerning rotation, there are two types of noninertial forces that appear in a rotating frame; centripetal force and Coriolis force. Coriolis force does not depend on the size of the system, therefore, it would not contribute to the thermodynamic energy of the system. As we have seen in the previous section, and as pointed out in [5] , the variation of the total energy, obtained using (16) as a boundary, can not be put in the form of the first law. But, it can be written as
As one can see, the additional terms depend on the Ω ∞ 's variations, this is why the first law is satisfied upon choosing EU as a boundary, since it has a vanishing Ω ∞ = 0. Let us ignore the last term for a moment. The energy not only depends on the usual extensive variables (S, J), but also on the intensive
. This indicates that this expression is not a well defined thermodynamic energy and we better define another energy function which depend on extensive variables only;
therefore,
The meaning of this new energy function M ′ is simple, it is the energy measured by an observer co-rotating with free gas of particles at infinity. The time-like killing vectors of these two energies are related by
As a result one has to use the time frame of the rotating free gas at infinity to get a meaningful thermodynamic expression for the energy of the system. This relation has been noticed in [5, 6, 9] , and we stress on its importance from a thermodynamic point of view. As one can see dM ′ can be put in the following form [9] 
where M c = M c (a, b) is the vacuum part of the energy. Notice that (a, b, r + )
can be considered functions of (J a , J b , S) regarding equation (14) , and (18), therefore, the last term violates the first law. The first law is apparently violated because two independent physical quantities, namely; Ω H and Ω ∞ , are related through their dependence on the same parameter a. One should
regard Ω ∞ as a boundary property (i.e., of an observer, or a gas at infinity) which does not have to dependent on the black hole parameters. Notice that if Ω ∞ depends on r + instead of a the first law will be again violated.
Another Coordinate System for Kerr-AdS 5
In this section we present a different coordinate system for Kerr-AdS 5 black hole with one rotation parameter 1 . This coordinate system can describe KerrAdS 5 from the point of view of an observer rotating with respect to a freely falling gas at infinity. The observer's angular velocity Ω ∞ = c/l 2 and that at the horizon are independent in contrast to that of Boyer-Linquest-type coordinate. This coordinate system can be obtained through the following coordinate transformation (24) resulting in new coordinates (t
Dropping the primes from the new coordinates, leaves the metric component in the following form
The inverse temperature, β and the area of the horizon A are the same as in (13) and (14), but the angular velocities at the horizon have the form:
Notice that, the previous two coordinate systems are special cases of the coordinate system presented here, corresponding to c = a and c = 0. The hypersurface as r → ∞ is chosen to be our boundary metric in the counterterm calculation. The action is given bŷ
The energy associated with the killing vector ∂ t is given bŷ
Notice the dependence of the energy on c. The angular momentum is
All the above quantities satisfy the statistical relation (28) . The Casimir energy and conformal anomaly of the boundary field theory predicted from geometry side are given by
which match exactly the expressions of the Casimir energy and trace anomaly for D = 4 N = 4 SYM theory on the rotating Einstein universe with angular velocity Ω ∞ = c/l 2 . Notice here that the conformal invariance is broken because of the non-vanishing angular velocity (i.e. Ω ∞ = c/l 2 ) at infinity not the black hole rotation parameter a.
First Law
Now following the discussion on the previous section, the energy associated with the killing vector is given by
The energy and angular velocity
satisfy both (28) and the first law as well;
This is true as long as we think of c as a fixed input parameter. c can be thought as a fixed parameter as a consequence of fixing the boundary metric. This serves as a boundary condition on the metric in the AdS/CFT set up, for more details please see [9] . The first law is directly satisfied in agrement with the general results of [9] . It is worth mentioning that the energyM associated with the killing vector ∂ t and the angular velocityΩ H satisfy both (28) and the first law;
It is intriguing to notice that if one allows c to vary, it will lead to an additional term in the first law proportional to dMcas dA
. Varying c is the same as varying the area A of the spatial part of the boundary metric. It allows the existence of external forces that act on the thermal gas at infinity. This term can be interpreted as the work done by surface tension, since the system has a curved boundary and the energy depends on the boundary surface area A.
From the boundary theory point of view this surface tension is nothing but the Casimir pressure, in addition to the usual conformal pressure (i.e., which is proportional to 1/3 of the energy density). Calculating the compressibility of the Casimir pressure, one find that it is non-negative for 0 ≤ c ≤ l. Instead of writing the expression for compressibility, which is rather long, we draw the compressibility as a function of c in Figure 1 . This is a sign of thermodynamic stability of the system against small changes in the volume of the the boundary. Notice here that the range 0 ≤ c ≤ l contains the values of c that do not change the metric signature and keep the velocity of any object rotating with an angular velocity Ω ∞ less than that of light.
Concluding Remarks
We use the standard counterterm method for the Kerr-AdS 5 case to produce physical quantities that satisfy the first law of thermodynamics. Here we choose the boundary metric to be the non-rotating Einstein universe, similar to [5] . In this work we point out the reason for the apparent violation of the first law in some previous calculations [15, 10] . We show that the reason for the violation of the first law is not that REU was chosen as the boundary metric but that it was rotating with an angular velocity Ω ∞ = −a/l 2 that depends on the black hole rotation parameter, a. This boundary angular velocity is that of an observer, or a thermal gas at infinity and does not have to depend on the black hole parameters. Choosing to work with a new coordinate system for Kerr-AdS 5 with arbitrary angular velocity at infinity, one can show that the relevant physical quantities satisfy the first law. This leads to the conclusion that, in the counterterm method, angular velocities or other quantities associated with a boundary metric should be independent from the black hole parameters, otherwise, the first law might be violated.
It is interesting to notice that if we allow the angular velocity to vary it will lead to an additional term in the first law due to a surface tension on the boundary. The surface tension is nothing but the Casimir pressure in the boundary theory. We show that the existence of such pressure will not affect the stability of the system since its compressibility is non-negative.
